The nucleon spin-averaged forward virtual Compton tensor determines important physical quantities such as electromagnetically-induced mass differences of nucleons, and two-photon exchange contributions in hydrogen spectroscopy. It depends on two kinematic variables: ν, the virtual photon energy in the proton rest frame, and Q 2 , the photon's invariant four-momentum squared. Using the operator product expansion, we calculate the tensor's large-Q 2 behavior for ν = 0, including for the first time the full spin-2 contribution and correcting a previous result in the literature for the spin-0 contribution. Implications for the proton radius puzzle are discussed. 
Introduction
The forward Compton amplitude describes virtual photon scattering on a hadron, depicted in Fig. 1 , and encodes important structure information. For example, the spin-averaged proton forward Compton amplitude determines two-photon exchange (TPE) contributions to hydrogen spectroscopic transitions. These contributions dominate the uncertainty of the proton charge radius measured in muonic hydrogen [1] and have been the subject of recent intense scrutiny and controversy [2, 3, 4, 5] . The di↵erence between spin-averaged proton and neutron forward Compton amplitudes determines the electromagnetic contribution to the protonneutron mass splitting, also the subject of recent controversy [6, 7, 8, 9, 10] .
The tensor representation of the spin-averaged Compton amplitude (cf. Eq. (1) below) involves two scalar functions, W 1 (⌫, Q 2 ) and W 2 (⌫, Q 2 ). The imaginary parts of these functions are determined by (elastic and inelastic) electron scattering data. W 2 (⌫, Q 2 ) can be reconstructed from its imaginary part using a dispersion relation in ⌫. However, W 1 (⌫, Q 2 ) requires a subtraction in the dispersion relation. Uncertainties related to the subtraction function for the proton, W p 1 (0, Q 2 ), dominate the error budget for the muonic hydrogen Lamb shift. Similarly, uncertainties in the di↵erence of subtraction functions for proton and neutron, W p n 1 (0, Q 2 ), dominate the error budget for the proton-neutron electromagnetic self energy. It is important to constrain this subtraction function.
While not accessible directly from experimental data, we can constrain W 1 (0, Q 2 ) in the small-and large-Q 2 limits. For small Q 2 one can calculate [2] W 1 (0, Q 2 ) in terms of the Wilson coe cients of Non Relativistic QED (NRQED) [11, 12] . These coe cients are in turn determined by low-energy experimental measurements, or by nonperturbative QCD computations using lattice QCD or chiral perturbation theory. The Operator Product Expansion (OPE) may be used to show that W 1 (0, Q 2 ) ⇠ 1/Q 2 for large Q 2 [7, 2] . In this paper we perform the explicit computation of the 1/Q 2 coe cient in the OPE determination of W 1 (0, Q 2 ). There are four types of operator that contribute to the coe cient of 1/Q 2 in the OPE expression for W 1 (0, Q 2 ): spin-0 quark, spin-0 gluon, spin-2 quark and spin-2 gluon. Previous analyses of W 1 (0, Q 2 ) are based on the work of Collins from 1979 [7] , which was concerned with the renormalization of the Cottingham formula for electromagnetic mass splittings, and considered only the spin-0 operators. In this paper we calculate the Wilson coe cients for both types of operator. We correct an error in the expression for the spin-0 contribution in Ref. [7] . Applications to muonic hydrogen require inclusion of the spin-2 operators. Since these were not included before, existing applications are incomplete; in fact, we show that the spin-2 contribution is numerically dominant. 
The forward Compton amplitude describes virtual photon scattering on a hadron, depicted in Fig. 1 , and encodes important structure information. For example, the spin-averaged proton forward Compton amplitude determines two-photon exchange (TPE) contributions to hydrogen spectroscopic transitions. These contributions dominate the uncertainty of the proton charge radius measured in muonic hydrogen [1] and have been the subject of recent intense scrutiny and controversy [2, 3, 4, 5] . The difference between spin-averaged proton and neutron forward Compton amplitudes determines the electromagnetic contribution to the protonneutron mass splitting, also the subject of recent controversy [6, 7, 8, 9, 10] . The tensor representation of the spin-averaged Compton amplitude (cf. Eq. (1) below) involves two scalar functions, W 1 (ν, Q 2 ) and W 2 (ν, Q 2 ). The imaginary parts of these functions are determined by (elastic and inelastic) electron scattering data. W 2 (ν, Q 2 ) can be reconstructed from its imaginary part using a dispersion relation in ν. However, W 1 (ν, Q 2 ) requires a subtraction in the dispersion relation. Uncertainties related to the subtraction function for the proton, W p 1 (0, Q 2 ), dominate the error budget for the muonic hydrogen Lamb shift. Similarly, uncertainties in the difference of subtraction functions for proton and neutron, W p−n 1 (0, Q 2 ), dominate the error budget for the proton-neutron electromagnetic self energy. It is important to constrain this subtraction function.
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While not accessible directly from experimental data, we can constrain W 1 (0, Q 2 ) in the small-and large-Q 2 limits. For small Q 2 one can calculate [2] W 1 (0, Q 2 ) in terms of the Wilson coefficients of Non Relativistic QED (NRQED) [11, 12] . These coefficients are in turn determined by low-energy experimental measurements, or by nonperturbative QCD computations using lattice QCD or chiral perturbation theory. The Operator Product Expansion (OPE) may be used to show that W 1 (0, Q 2 ) ∼ 1/Q 2 for large Q 2 [7, 2] . In this paper we perform the explicit computation of the 1/Q 2 coefficient in the OPE determination of W 1 (0, Q 2 ). There are four types of operator that contribute to the coefficient of 1/Q 2 in the OPE 1 expression for W 1 (0, Q 2 ): spin-0 quark, spin-0 gluon, spin-2 quark and spin-2 gluon. Previous analyses of W 1 (0, Q 2 ) are based on the work of Collins from 1979 [7] , which was concerned with the renormalization of the Cottingham formula for electromagnetic mass splittings, and considered only the spin-0 operators. In this paper we calculate the Wilson coefficients for both types of operator. We correct an error in the expression for the spin-0 contribution in Ref. [7] . Applications to muonic hydrogen require inclusion of the spin-2 operators. Since these were not included before, existing applications are incomplete; in fact, we show that the spin-2 contribution is numerically dominant.
The remainder of the paper is structured as follows. In Sec. 2 we perform the analytic calculations of the Wilson coefficients. In particular we perform the one-loop calculations needed to extract the Wilson coefficients of gluon operators. In Sec. 3 we evaluate the relevant local nucleon matrix elements. Focusing on the proton case, we numerically evaluate W 1 (0, Q 2 ) at large Q 2 . In Sec. 4 we discuss the implications of our results for TPE contributions to the muonic hydrogen Lamb shift. In Sec. 5 we present our conclusions.
Wilson coefficients
Here we introduce notation for the Compton amplitude and determine the relevant operators in the OPE. We then perform matching onto quark and gluon operators.
Preliminaries
The nucleon spin-averaged forward virtual Compton scattering tensor is defined as (cf. Fig. 1 )
where k is the nucleon three-momentum and s its spin, J µ e.m. is the electromagnetic current, and the subscript S denotes symmetrization in µ and ν.
2 Here N = p or N = n denotes a proton or neutron. Also, ν = 2k · q and Q 2 = −q 2 . Notice that some authors refer to this quantity as T µν [7, 8] . Using current conservation, and invariance of electromagnetic interactions under parity and time-reversal, W N µν S can be expressed as
We will use relativistic normalization of states,ū N (k)u N (k) = 2m N , for nucleon spinors throughout. The imaginary parts W N i are related to physical cross sections. Inserting a complete set of states into (1),
2 Symmetrization in µ and ν can be shown equivalent to spin averaging: if W N µν is expanded in a tensor basis, terms that are odd under µ ↔ ν are linear in the nucleon spin vector, S µ ∝ū N (p, s)γ µ γ 5 u N (p, s), and vanish under spin averaging; terms symmetric under µ ↔ ν are independent of S µ as displayed in Eq. (2).
where p X is the momentum of the state X. We can now perform a separation between nucleon and non-nucleon (i.e., excited) states. 
Since W
is not directly related to measured quantities it is a major source of uncertainty for quantities like the TPE contribution to the Lamb shift in muonic hydrogen [2] and the isovector nucleon electromagnetic self-energy [8] . As discussed in the introduction, we can constrain W N 1 (0, Q 2 ) in the small-Q 2 and large-Q 2 limits. The small-Q 2 behavior was discussed in Ref. [2] . Here we will calculate the large Q 2 behavior. We will determine the OPE for the operator, 
. For the OPE evaluation we match onto the lowest dimension QCD operators, which begin at dimension four. There are four 3 relevant operator types
where d = 4 − 2 is the spacetime dimension, and f = u, d, s, ... runs over active quark flavors. The superscript label denotes operator spin. The spin-2 operators are traceless, i.e. they satisfy g αβ O (2)αβ f,g = 0.
3 As we will see below, there is another possible structure O 
Using the matrix elements (20) and (25) below, we see that c 1 and c 2 will contribute to W 1 and c 3 to W 1 and W 2 . Let us proceed to match onto quark and gluon operators at leading order in QCD perturbation theory.
Quark operators
In order to match onto the quark operators, we compute forward scattering amplitudes using on-shell quarks with electromagnetic charge e f (in units of the proton charge), mass m f , and four-momentum k as external states; cf. Fig. 2 . The matrix element for T µ⌫ S between such states is
After simplification this gives the results
The expression for c 1f agrees with equation 2.14 of Ref. [7] . The coe cients c 2f and c 3f were not considered in Ref. [7] .
Gluon operators
The calculation of c ig is simplified by using a background field analysis in Fock-Schwinger gauge [13] . We then have the following expressions for the gluon contributions to T µ⌫ , Figure 2 : Quark matching condition. The right hand side denotes a sum over operators in Eq. (7).
Quark operators
Gluon operators
The calculation of c ig is simplified by using a background field analysis in Fock-Schwinger gauge [13] . We then have the following expressions for the gluon contributions to T µ⌫ , Current conservation implies q µ T µν = q ν T µν = 0 up to operators whose physical matrix elements vanish. This implies that the general form 4 of T µν S may be written
Quark operators
In order to match onto the quark operators, we compute forward scattering amplitudes using on-shell quarks with electromagnetic charge e f (in units of the proton charge), mass m f , and four-momentum k as external states; cf. Fig. 2 . The matrix element for T µν S between such states is
The expression for c 1f agrees with equation 2.14 of Ref. [7] . The coefficients c 2f and c 3f were not considered in Ref. [7] .
is omitted since its matrix elements between spin-averaged proton states is zero. in Eq. (10). The right hand side denotes a sum over operators in Eq. (7). Permutations of external states are not displayed.
,
where we separate T µ⌫ into three pieces, T is IR finite we can set d = 4 and get in Eq. (10). The right hand side denotes a sum over operators in Eq. (7). Permutations of external states are not displayed.
where we separate T µ⌫ into three pieces, T is IR finite we can set d = 4 and get 
Gluon operators
The calculation of c ig is simplified by using a background field analysis in Fock-Schwinger gauge [13] . We then have the following expressions for the gluon contributions to T µν ,
where we separate T µν into three pieces, T is IR finite we can set d = 4 and get
where q α q β O (r)µανβ S is an operator structure whose nucleon matrix element vanishes, cf. Appendix A. T µν a is IR divergent and we calculate it in d = 4 − 2 dimensions. We find
Expanding in and adding T 
from which we may read off the coefficients c ig . Here we have introduced the renormalized strong coupling in the MS scheme,
As an alternative approach, inspection of Eq. (7) shows that the coefficients c 1 , c 2 and c 3 may be extracted from the quantity v µ v ν T µν , for arbitrary timelike unit vector v µ (v 2 = 1):
Following the notation of Ref. [14] , we write
Neglecting quark masses, we have
a µν (q)
with [c ] ≡ iΓ(1 + )(4π) −2+ . Thus, either from Eq. (13) or from Eqs. (15) and (16), we read off the bare matching coefficients,
Renormalizing operators in the MS scheme [14] , we find the renormalized coefficients,
3 Nucleon matrix elements
Here we evaluate the relevant nucleon matrix elements. In Secs. 3.1 and 3.2, we discuss the spin-0 and spin-2 matrix elements for both proton and neutron. In Sec. 3.3 we specialize to 6 A non-propagating typo appears in Eq. (83) of Ref. [14] : in N
a µν(ZZ) , in the z 2 L µ L ν term, the opposite sign should appear in front of x(2 − x − ).
the proton case and provide explicit numerical results for the leading 1/Q 2 OPE evaluation of W p 1 (0, Q 2 ).
Spin zero
Following Ref. [15] let us define
where we are using relativistic normalizationū(k)u(k) = 2m N for nucleon spinors. 8 The gluon matrix element is determined by the mass sum rule,
Hereβ and γ m denote the QCD beta function and mass anomalous dimension, whose leading expansions areβ
where n f is the number of active quark flavors. 9 For the quark matrix elements we use
In terms of the quark mass ratio R ud ≡ m u /m d we have
Numerical values for spin-zero matrix elements are summarized in Table 1 . As detailed in Ref. [15] , the matrix elements f
u,d,s are identical for n f = 3 and n f = 4, up to power corrections.
Spin two
Let us define
f,N (µ) , 7 Compared to the quantity f
g,N in Ref. [15] , we havef
The conventional 8/9 prefactor is designed to simplify the expression for the sum rule (21) when n f = 3.
8 Recall that the nonrelativistic normalizationū(k)u(k) = m N /E k was used in Ref. [15] . 9 Higher order terms are listed in Ref. [15] . In numerical applications of Eq. (21) [15] , and encompasses more recent results of Refs. [17, 18, 19, 20, 21] . The upper (lower) sign in Σ − is for the proton (neutron). The neutron form factors follow from approximate isospin symmetry expressed in (27) . For f
s,N we assume a conservative 50% uncertainty compared to the estimate of 25% in Ref. [25] . For f [26, 27, 19] .
c,p (µ = 2 GeV) 0.0088(3) Table 2 : Spin-two proton matrix elements derived from MSTW analysis [28] with n f = 4 at µ = 2 GeV. The neutron form factors follow from approximate isospin symmetry expressed in Eq. (27) .
The gluon matrix element is determined by the momentum sum rule,
Up to corrections proportional to m u − m d and α, the proton and neutron matrix elements are related as,
For the numerical evaluation, we use the inputs of Table 2 for n f = 4 at µ = 2 GeV, with gluon matrix element given by Eq. (26) . For different µ in the limited range considered, we employ the leading log renormalization (cf. Table 1 . In the n f = 4 evaluation, dark and light solid bands are obtained using f . For notational simplicity we suppress the superscript, W p 1 → W 1 , in the following. In terms of the matrix elements of the previous section, we have the leading power result
where the first nonvanishing order for coefficients of each operator are given by Eqs. (9) and (19) . Let us consider separately the spin-0 and spin-2 contributions.
Spin-0: numerical evaluation for proton
Substituting the Wilson coefficients from Eqs. (9) and (19) , the spin-0 contribution is
This contribution is displayed in Fig. 4 using n f = 4 and n f = 3. Having neglected quark masses, our n f = 4 result is formally valid in the m . We show below that W 1 (0, Q 2 ) is numerically dominated by the spin-2 contribution, and do not pursue a more elaborate analysis of charm quark mass dependence in the spin-0 contribution.
We take n f = 4 in our final result. Fig. 4 compares results using different values of the charm scalar matrix element, f [26, 27, 19] . The gluon matrix element is given by Eq. (21), withβ and γ m evaluated through O(α 4 s ). We choose default renormalization scale µ = Q, and perturbative scale uncertainty is estimated by varying Q/2 < µ < 2Q. We remark that a partial cancellation occurs between quark and gluon matrix elements, as illustrated in the figure.
The spin-0 part disagrees with Collins's calculation [7] . Equation 2.18 of Ref. [7] is
where M = m p is the proton mass, K/a = n f /(3β 0 ) with β 0 given by Eq. (22), κ i is the quark charge (which we have denoted e i ), and m Bi is the bare quark mass. In our notation,
Comparing with our result for the spin-0 part (29) , and using the relation (21) with γ m = 0 andβ = −α s β 0 /(4π), we see that the replacement n f → f =u,d,s e 2 f must be made in Collins's expression (31) to obtain the correct result.
Spin-2: numerical evaluation for proton
Substituting the Wilson coefficients from Eqs. (9) and (19) , the spin-2 contribution is
where we retain the first non-vanishing contribution to each operator matching coefficient. This result is displayed in Fig. 4 . For definiteness, we employ the n f = 4 results from Table 2, although the contributions from strange and charm quark are negligible. The result is dominated by the up quark, with small contributions from down quark and gluon; the latter contributes a sizable fraction of the uncertainty as indicated in the figure.
Total
The complete OPE evaluation of W 1 (0, Q 2 ) for the proton is given by the sum of spin-0 and spin-2 contributions, and is displayed in Fig. 6 . The result is dominated by the spin-2 contribution. 
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Two photon exchange in muonic hydrogen Lamb shift
As detailed in Ref. [2] , the piece of the TPE contribution to the muonic hydrogen Lamb shift that is not fully determined by electron scattering data involves the subtraction function in the dispersion relation for the forward Compton amplitude of the proton, i.e. W 1 (0, Q 2 ). Having constrained this function at both high-and low-Q 2 , let us consider the implications for muonic hydrogen. Here we construct an interpolation of this function with the correct coefficients of (Q 2 ) 0 and (Q 2 ) 1 at low Q 2 , the correct coefficient of 1/Q 2 at high Q 2 , and higher order terms parameterized by Λ L and Λ H introduced below.
Recall that at low-Q 2 , we have the expansion, [2]
where the anomalous magnetic moment of the proton is a p = 1.793, the magnetic polarizability of the proton 10 isβ = 2.5(4) × 10 −4 fm 3 [24] , and the proton magnetic and electric radii are r M = 0.776(34)(17) fm [29, 24] , r E = 0.8751(61) fm [30, 24] .
11 Here ∆ L (Q 2 ) accounts for terms of order Q 4 and higher in the Taylor expansion. To investigate sensitivity to these terms we consider
with hadronic scale Λ L ≈ 500 MeV. For the high-Q 2 behavior we have
where A(Q 2 ) is the leading power result displayed in Fig. 6 , and ∆(Q 2 ) accounts for power corrections (including charm mass corrections). To investigate the impact of power-suppressed terms we take central value ∆ H = 0, and upper and lower envelopes
with hadronic scale Λ H ≈ 500 MeV. Fig. 7 displays a cubic spline interpolation of W 1 (0, Q 2 ) taking the low-Q 2 and high-Q 2 inputs from NRQED and OPE. We show results for central 11 After accounting for other uncertainties, the results of the interpolation for δE(2S) 
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At high-Q 2 these envelopes account for perturbative and hadronic matrix element uncertainties in A(Q 2 ) from Fig. 6 , and for power corrections according to Eq. (36). 13 The intermediate region is outside of the domain of validity of either NRQED at low-Q 2 , or OPE at high-Q 2 . The relevant TPE contribution to muonic hydrogen may be written
where |ψ 2S (0)| 2 = m 3 r α 3 /(8π) for the 2S atomic state, and k(Q) is the kinematic function
After subtracting the Q 2 = 0 limit, and rescaling with k(Q), the interpolated function is displayed in the LHS of Fig. 8 . The energy shift in Eq. (37) is proportional to the area under the curve in Fig. 8 . For the central curve we obtain δE(2S) W 1 (0,Q 2 ) = −0.034 meV, and for the interpolated envelopes displayed in the figure, we find the interval δE(2S)
12 Choosing a lower cutoff Q 
2 ), after subtracting Q 2 = 0 limit and scaling by the kinematic factor k(Q) in Eq. (38) , as a function of Q. The contribution to the muonic hydrogen Lamb shift is proportional to the area under the curve, cf. Eq. (37).
We present in Table 3 the total structure-dependent TPE contribution to the 2P − 2S energy splitting in muonic hydrogen. Following the terminology of Ref. [2] (cf. Table I of this reference), we write the total contribution as a sum of proton-pole, W 1 (0, Q 2 ), and continuum, contributions. Since our focus is on the impact of W 1 (0, Q 2 ), for simplicity we retain a simple dipole ansatz for the proton pole contributions.
14 The continuum contribution is from Ref. [33] . It is often conventional to subtract off a contribution to TPE corresponding to the "Sticking In Form Factors" (SIFF) ansatz [2] . With the standard dipole form factors, this contribution is
In order to make a meaningful comparison with previous work, we add this contribution back to results where it has been subtracted. 16 The resulting total structure-dependent TPE correction from a range of approaches is displayed in Fig. 9. 14 As in Ref. [2] , we take
A more systematic evaluation of the proton pole contribution and uncertainty is considered in Ref. [32] . 15 In the literature, this may be conventionally referred to as an "elastic", "Born", or "proton" contribution. 16 Thus we add δE(2P − 2S)
two−γ SIFF from Eq. (40) to the "polarizability" of Refs. [34, 35, 36, 38, 37] , (for Ref. [37] we show the adjusted value quoted in Ref. [38] ), and to the sum or "subtraction" and "inelastic" terms of Ref. [33] . In Refs. [3, 4] we take ∆E el + ∆E np = 0.0247 meV → 0.0184 meV. In Ref. [5] , we take ∆E Born = 0.0083 meV → 0.0184 meV. 
Conclusions
The forward Compton amplitude is an important ingredient for problems in particle, nuclear and atomic physics involving nucleon structure. The subtraction function W 1 (0, Q 2 ) is a key source of uncertainty. Neither the spin-0 contribution, nor the spin-2 contribution to the leading OPE expression for this function has been correctly included previously. We computed this OPE expression and employed it to constrain the TPE contribution to the muonic-hydrogen Lamb shift.
The evaluation of W 1 (0, Q 2 ) by OPE was considered long ago by Collins [7] . This reference considered the electromagnetic corrections to the nucleon mass, where only the spin-0 contribution is relevant. As described in Sec. 3.3, an incorrect expression in Ref. [7] impacts the isoscalar spin-0 contribution. The spin-2 contribution was not considered in Ref. [7] , and is found numerically to dominate the total OPE expression for W p 1 (0, Q 2 ). For the application to the proton-neutron mass difference, both the spin-2 and the isoscalar spin-0 parts drop out.
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However, for the application to muonic hydrogen spectroscopy these ingredients are critical.
Using a parameterization of higher order corrections, Eqs. (34) and (36), an interpolation of W 1 (0, Q 2 ) with the correct low-Q 2 and high-Q 2 behavior is displayed in Fig. 7 . The corresponding TPE contribution and uncertainty for the Lamb shift in muonic hydrogen is given by the area under the curve in Fig. 8 , as displayed in Fig. 9 . This uncertainty remains the dominant one in the muonic hydrogen Lamb shift, and for derived observables such as the proton charge radius and Rydberg constant using muonic hydrogen inputs. Further constraints arising from chiral lagrangian analysis in the m Obtaining an error bar of the size assumed in the CREMA analysis [31] (the point corresponding to Ref. [4] in Fig. 9 ) requires some level of model dependence. Future measurements with light muonic atoms and questions surrounding the proton radius puzzle may motivate direct computations using lattice QCD.
(meV) 2P-2S 
A Details on gluon operator structures
In the calculation we encounter the structure q ↵ q G Aµ↵ G A⌫ . G Aµ↵ G A⌫ is the color-singlet product of a chromo-electric (E 
In the calculation we encounter the structure q α q β G Aµα G Aνβ . G Aµα G Aνβ is the color-singlet product of a chromo-electric (E Following [14] , define
and
The last term O between spin-averaged proton states can be expressed in terms of the matrix elements of G Aµα G Aνβ . These can depend only on the metric tensor and powers of the proton four-momentum, k. We can have six structures
and g να k µ k β with arbitrary coefficients. 18 The matrix elements of G Aµα G Aνβ are antisymmetric under µ ↔ α and ν ↔ β. As a result, only two of the six coefficients are independent. These can be identified with the matrix elements of the spin-0 and spin-2 gluonic operators. In particular this implies that the matrix elements of O (r)µανβ S between spin-averaged proton states vanish. Working in d-dimensions we find the useful operator relation,
from which we obtain the expression for T µν c .
B Chiral lagrangian constraints
Let us consider potential improvements to the low-Q 2 constraints on the interpolation displayed in Fig. 7 . Recall that the results (33) are obtained by a straightforward computation from the NRQED lagrangian. The relevant NRQED Wilson coefficients are determined by Taylor expansions of conventionally-defined relativistic form factors and Compton scattering amplitudes. In principle, a similar strategy can be applied at higher orders in the low-Q 2 expansion. However, the NRQED lagrangian is not available through the relevant (1/M 5 ) order, nor has the scattering data yet been analyzed with this application in mind. 18 The structure k µ k ν k α k β is symmetric in µ ↔ α and ν ↔ β. 
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1 ), "fourth-order" (T
1 + T
1 ), and "fourth-order plus ∆" (T 1 ) results of Ref. [3] , using the parameters of Ref. [3] and their prescription for determining δβ. The solid band adds in quadrature the errors from c 1 , c 2 , c 3 , β and g πN∆ . The dash-dotted black line gives the fourth order plus ∆ contribution (T (0, Q 2 )) result of Ref. [38] , using its parameters.
Chiral lagrangian analysis can in principle be used to further constrain W 1 (0, Q 2 ) in the regime where a finite number of hadronic excitations are relevant. 19 As usual, the error budget should account for scheme choices, such as whether n f = 2 or n f = 3 light flavors are considered, whether formally higher-order terms are included at each order in the expansion, and how ∆ excitations are treated. Fig. 10 shows the low-Q 2 behavior of W 1 (0, Q 2 )−W 1 (0, Q 2 ) SIFF in several calculational schemes, where W 1 (0, Q 2 ) SIFF denotes a conventional subtraction term involving elastic form factors. 20 Let us consider at face value the error budget from Ref. [3] to constrain the deviation from W 1 (0, Q 2 ) SIFF below Q 2 = (500 MeV) 2 . Neglecting the uncertainty on the SIFF contribution, 21 the corresponding interpolation is displayed in Fig. 11 . Also displayed in Fig. 11 are upper and lower envelopes corresponding to alternative schemes 19 We remark that this is a distinct application of chiral lagrangian analysis compared to the two-step matching of QCD onto NRQED with chiral lagrangian as intermediate theory [5] . We are here directly matching QCD onto NRQED, using experimental data supplemented with constraints on W 1 (0, Q 2 ) to determine the forward Compton amplitude as the relevant hadronic input. 20 A transcription error appears in Ref. [3] : the second term in (A.4) should have the opposite sign [39] . 21 Form factor curvature and higher-order terms in the Taylor expansion of form factors are poorly constrained by data, but the existence of data-driven constraints on F i (q 2 ) throughout the relevant range of q 2 should drive a relatively small uncertainty for this contribution. Whether it is possible to compute the difference W 1 (0, Q 2 ) − W 1 (0, Q 2 ) SIFF more precisely than W 1 (0, Q 2 ) itself, and how best to assign an error budget that accounts for computational scheme dependence in Fig. 10 , remain difficult questions. Figure 11 illustrates the potential to combine low-Q 2 constraints with the OPE.
